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Abstract 



The integrable structure of open-closed string theories in the (p, q) conformal 
minimal model backgrounds is presented. The relation between the r-function of 
the closed string theory and that of the open-closed string theory is uncovered. The 
resulting description of the open-closed string theory is shown to fit very naturally 
into the framework of the sl(q, C) KdV hierarchies. In particular, the twisted bosons 
which underlie and organise the structure of the closed string theory play a similar 
role here and may be employed to derive loop equations and correlation function 
recursion relations for the open-closed strings in a simple way. 
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1. Introduction 



Much progress has been achieved in the understanding of c < 1 string theory using 
matrix models. In particular the structure of closed string theory propagating in the 
(jp, q) conformal minimal model backgrounds (with diagonal modular invariants) has 
been studied extensively. These c < 1 string theories have an underlying integrable 
hierarchy structure which is that of the (q — l)th generalised KdV hierarchies 
associated to the Lie algebra sl(q, C). A double scaled (q — l)-hermitian matrix 
model is believed to contain (at least) this generalised KdV organisation of the 
operator content. Alternatively, an appropriately tuned two-matrix model has been 
shown to realise these models [4]. 

The simplest example is the one-hermitian matrix model 



which describes Euclidean 2D quantum gravity coupled to the (2m — 1,2) conformal 



continuum limit. This continuum limit is the 'double scaling limit', where the size 
N of the hermitian matrix M is sent to infinity while ratios of couplings in the 
polynomial matrix model potential V(M) are tuned to finite values. These 2D 
quantum gravity theories may be also viewed as closed string theories 'propagating' 
in the (2m — 1,2) conformal minimal model backgrounds. These theories have an 
underlying integrable hierarchy structure which arises as follows: The background 
fields of the string theory are the sl(2, C) KdV times coupling to scaling operators 
Ok living on the world sheet. The KdV equations organise the operator structure 
and are usually written in terms of the 'string susceptibility' u as follows: 



where the IZk are the Gel'fand-Dikii differential polynomials and a prime denotes 
a differentiation with respect to x oc to. In the unitary model in this series, x (the 
scaling part of A) is the cosmological constant of the theory and u is the two-point 

All of the results presented in this paper will be taken to be valid only to all orders in the world-sheet 




(1.1) 



minimal mo dels [1] to all orders in genus perturbation theory^ in the appropriate 



du(t k ) 
dtk 



K k+1 [u(t k )}, 



(1.2) 



expansion. 
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function of the 'puncture operator' V of the theory which couples to x. The KdV 
equations are supplied with 'initial conditions' by the string equation, which shall 
be written as 

11 = 0, (1.3) 

where 

oo 

n=J2(k + l)t k n k . (i.4) 

k=0 

This information is enough to fully determine the partition function of the closed 
string theory. 

With the success of this formulation in mind, it is natural to study the theories 
representing interacting open and closed strings in these backgrounds. An obvious 
question to ask is whether the integrable structures underlying the closed string 
may be extended to this more general theory. This paper will answer this question 
in the affirmative. In ref.[5] the double scaling limit of the above one-hermitian 
matrix model supplemented with a logarithmic potential 

^Trlog(l-^ 2 M 2 ) (1.5) 

was studied. This logarithm has the effect of adding surfaces with boundaries of 
finite extent to the partition sum. The resulting models are the natural extensions of 
the above, representing the theories defined on all smooth orientable 2D topologies. 
The string equation was derived as: 

11 + 2TvR(x, p) = 0, (1.6) 

where T, the scaling part of 7, is the ratio of the open-closed string coupling and 
the closed string coupling v (renormalised 1/iV). The parameter p, which is the 
scaling part of p? ! , is the mass of the ends of the open strings. R is the diagonal 
part of the resolvent of the Hamiltonian H = — z^ 2 <9 2 + u(x, £&) which satisfies the 
Gel'fand-Dikii equation [3]: 

4(w + p)R 2 - 2RR" + (R) 2 = 1. (1.7) 

This is the theory of open-closed strings in the (2m — 1,2) background with the 
naive embedding dimension being a single point. The closed string theory is trivially 
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recovered in the r — > limit. The bulk operator content is the same as that of the 
closed string theory, possessing the KdV organisation shown above, etc. In this 
paper it will be shown how the boundary operator content of the closed string 
theory is related to that of the more general theory. 

In ref. [6] it was demonstrated that there was a one-to-one map between this open- 
closed string theory (which may be formulated as a one-hermitain matrix model) 
and the double scaled one-unitary matrix model. This model naturally has the 
si (2, C) mKdV hierarchy at its heart and the Painleve II hierarchy as its string 
equations. The map used was the well-known Miura map, relating the fundamental 
Hamiltonian structures of the mKdV and KdV systems. Using the relation between 
the two systems and some results from ref. [7] , the Virasoro constraints for the open- 
closed string theory were derived. 

The purpose of this paper is to fully elucidate the structure of the c < 1 open-closed 
string theories. They are shown to be intimately related to the pure closed string 
theories and share and extend the underlying integrable structure. The relation 
between the two families of theories is embodied in a simple transformation between 
them, at the level of the integrable hierarchy. 

The structure of the (2m —1,2) open-closed string theory, first studied to all orders 
in ref. [5], is further uncovered in section 2. After fixing a constant in the Virasoro 
constraints derived in ref. [6], the structure of the constraints are understood in 
terms of the underlying Z 2 -twisted boson, and the r-function of the theory is 
realised as the insertion of a vertex operator in the coherent state basis of the boson. 
The relation between the open-closed and closed string r-functions is derived by 
using a simple transformation of the background fields of the closed string theory. 
The loop equations and pointlike operator recursion relations are obtained from 
the Virasoro constraints and compared to the familiar ones for the closed string 
theory. The model expected to be a m = 1 topological open-closed string theory 
is examined. In particular the open-closed string puncture equation is considered, 
showing directly how the puncture operators of the theories are simply related to 
each other. In section 3, the most straightforward generalisation of the model of 
section 2 is presented. This is the open-closed string in the (jp, q) conformal minimal 
model backgrounds whose non-Liouville embedding dimension naively consists of 
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q — 1 discrete points. The boundary conditions on this open-closed string are 
believed to be trivial punctual (Dirichlet) boundary conditions where each open- 
closed string loop is embedded entirely at one of the 'spacetime' points. The 
constraints on the r-function of this theory are derived and the loop equations 
and operator content are studied. The example of the open-closed string in the 
(*, 3) backgrounds is worked out in some detail in section 4. It is noted that the 
problem of correctly identifying all of the relevant boundary operators expected 
from Liouville and matrix model theory considerations is present, as it is in the 
closed string theory, and therefore the question [8] of whether the full physics of 
strings propagating in (p, q) conformal minimal model backgrounds is captured by 
the integrable structures described here remains pertinent. The paper ends with 
some concluding remarks in section 5. 



2. The (2m -1,2) open— closed string theory 



2.1 Review 

It is not appropriate to review all of the details of the matrix model derivations 
of the (2m — 1,2) open-closed string theory. These may be found in ref.[5]. It is 
necessary however to unpack the notation and establish the conventions to be used 
throughout this paper, and so a brief review of the string equations and associated 
structures follows. 

The string equation derived by Rostov [5] is equation (1.6). The object 1Z is defined 
in equation (1.4) in terms of the Gel'fand-Dikii differential polynomials. These are 
polynomials in u and its x-derivatives and are related via the recursion relation: 

ri k+l = \riu -uii k -^n. (2.i) 

They are fixed by determining the constant IZq, and the requirement that IZf- — > 
as u — > 0. The first few are 

n = ^; Ki = ~u; n 2 = ^(3u 2 -u"). (2.2) 
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Upon examination of the lowest member of the KdV flows (1.2) the relation between 
x and to is seen to be x = —to/ 4. The diagonal part of the resolvent, defined as 

R(x,p)=<x\ - 1 \x> (2.3) 

—v A a% + u(z) + p 

has an expansion [3] 

R(x, p) = t 1 ^4 (2-4) 

and satisfies equation (1.7). To study the mth model of the (2m — 1, 2) series the 
tk in equation (1.4) are all set to zero except to = ~^x and t m , which is set to a 
value which cancels the coefficient of u m in 1Z m [u] to 1. (This choice is equivalent 
to a non-physical rescaling of both v and x.) For example the string equation of 
the (3, 2) model is 

--u + u 2 -2vTR(x,p) =x. (2.5) 

In the r — > limit this equation reduces to the Painleve I equation which reproduces 
the genus expansion of u in the x — > +oo limit. (Here x is the cosmological constant.) 
In order to derive the world sheet expansion for the open-closed string theory using 
equations (1.7) and (2.5), an efficient way to proceed is to solve (2.5) for R and 
substitute it into (1.7), yielding: 

(u + p)V 2 - \w" + hv') 2 = u 2 Y 2 , (2.6) 

where V = — + u 2 — x. Simply expanding (2.6) for x — > +oo yields the 
perturbation theory: 

i /o i z^r i z/ 2 , n „. 

2 x 3 / 4 24 x 2 

where the terms are the contributions from the sphere, disc and torus, respectively. 
In general the asymptotic expansion takes the form [6] 

oo 2g+h-ph 

u = x^ £ A gh m)ig+h/2) (2.8) 

g,h=0 

where the indices g and h respectively represent the number of handles and holes on 
the surface. The A g h are uniquely determined once the sphere coefficient Aqo and 
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the sign of the disc coefficient A i have been fixed, using matrix model perturbation 
theory. 

The function u is related to the free energy F of the model as follows: 

u(z) = u 2 g, (2.9) 

and is thus the connected two-point function of the puncture operator V = AOq. 
The partition function Z = e is the square of the r-function r ope n of the theory 
which is subject to the constraints [6]: 

~L n ■ T open = 0; n > -1 (2.10) 



where 



L n = L n - (1 + ny- p n - p n+1 -^- (2.11) 



an> 



dt 



00 1 d 1 
L_ 1 =^(A;+-)t fc - + -^x 2 



k=i 



00 19 1 

00 1 Q n pp. 

Jt=0 ^ Otk+n fc=1 Otk-lOln-k 

The constraints for the closed string theory (L n • r c i OS ed = 0, n > —1) are recovered 
by setting T = 0, and dpT operi = and then r op en — ► ^closed- As first pointed out in 
refs.[9] and [10], the form of the Virasoro generators (2.12) are those of a ^-twisted 
boson whose mode expansion is: 



dcf>(z) = £ a n+ i_z- n - 3/2 (2.13) 

n= — 00 ^ 

where 

Q »+r 2 ^!; and Q -»-r^ (n+i)t - (214) 



t Note here that in ref.[6] the eigenvalue of the Lq constraint when acting on T open was denoted 
p. Although it was shown to be related to the open string coupling, the precise relation was not 

determined there. It will be shown presently that \l = T 2 /4. 
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The energy-momentum tensor for the twisted boson is 

1 1 00 

T(z) = - : d<t>{z)d<j>{z) : + — j = £ ^" n " 2 . (2.15) 

Z 102 n=-oo 

Using (2.13) and (2.14) in (2.15), the form (2.12) is recovered for the Virasoro 
generators. 

The function r c iosed defines a state > in the Fock space of the twisted boson [9] [11] 
and is defined as^ 

Tclosed =< t\VL~ t > (2.16) 

where < t\ =< 0| exp {(2y / 2z/)~ 1 J2™=o tnOt 1} defines the coherent state, upon 

n+ 2 

which the annihilation and creation operators act as derivatives and by multiplica- 
tion respectively. This twisted boson framework may be regarded as underpinning 
the structure of the constraints of the closed string theory, together with the loop 
equations and operator recursion relations which may be derived from them. 

2.2 From closed to open-closed strings 

The first observation to make about the open-closed string theory constraints 
(2.10) is that they also admit the twisted boson description. Indeed, examination 
of the form of these 'modified' Virasoro operators in (2.11) suggest that equations 
(2.10) are expressing the Ward identities of the Virasoro generators in a conformal 
field theory^. These may be derived from the familiar operator product expansion 
of T(z) with a conformal field <&h{w) of weight h as: 

LA(w) = (1 + n)hw n Q h (w) + w 1+n dA(w). (2.17) 

Therefore the constraints (2.10) are suggestive of the presence of a conformal field 
in the twisted sector of weight T 2 /4. This would be most easily realised as a vertex 

operator" 1 "" 1 ^ of the form Vr(p) =: e : This is the first hint of the simple 

t It is assumed here that a finite number of the couplings tfc are non-zero. Otherwise some of these 
expressions are ill-defined [9]. 

The author thanks Erik Verlindc for suggesting this interpretation. 

Some care must be exercised here. The vertex operators of the form displayed for arbitrary p in the 
complex plane are not single valued as one encircles the origin, due to the twist in <fi{z). 
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relationship between T op en and r c i ose d, the precise nature of which will now be 
derived. 

Starting with the closed string theory with variables t k and functions u{t k ) and 
^closed, performing the change of variables: 

y K ^2> (2.18) 

_ 1 

x — > x — Tup 2 

under which 

u(t k ) -> u(ik,T ', p) and r c iosed(*fc) -»■ f(i k , I\ p), (2.19) 
yields the string equation 

TZ(u,t k ) + 2TiyR(x,p) = 0. (2.20) 

Turning to the Virasoro constraints (L n (t k ) ■ T c i OS ed = 0, n > —1) this change of 
variables produces 

* + avf p-M>* + if = o 

fc=0 2 d ^ fc=0 dt k lb 

00 1 q~ 00 1 a~ n Q2^ 

E(* + \%-sr- + 2r " E p- <t+5) + ^ £ S ft = ° » > i- 

fc =0 ol k+n fc =0 ol k+n k =\ Ot k -\Ol n - k 

(2.21) 

These may be drastically simplified by noting that 

k s -™%T*'*k (2 ' 22) 



and therefore 



2IV £ p -&-n+2) J?— - 2Tv J2 p-^- 71 -^^— = (2.23) 

fc=0 Otfc+n fc=i 
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Now writing r = e#(^' ^V op en, a few more manipulations show that 

L(t k )n ■ Topen = 0, 71 > -1, (2.24) 

where the L n are given in equation (2.11), for the unique form 

p2 p oo i 

g(p,t k ,T) = — logp+— E^V + 2- (2.25) 

fc=0 

Note that the Lq eigenvalue mentioned earlier is fixed as T 2 /4 due to the following 

VVlj-Mf 99 59 r2 worn 

The relation between the functions r c i ose d and r ope n is now clear: 

r open = e-*fo» * r )r closed - t* + ^E^ p -<*+3>) , (2-27) 

where now the tilde's above the open-closed string quantities have been dropped, 
as there can be no confusion. Recalling equation (2.16) and using (2.27) yields 



Topen =< *| exp f — log p 1 X 



roo Q- , 1 i \ / t-i oo Q!. , 1 

x — fc— 2 fc+i i I x -« K+7j 



=<t|:e-^) : |^> 



|yp- (fc+ ^ j Ifij > (2-28) 



So the open-closed string r-function is obtained from the closed string r-function 
by the insertion of a vertex operator. This explains the form of the constraints 
(2.10), as anticipated at the beginning of this section. (Notice that because p 
is restricted to be real by the world sheet physics', the vertex operator is single 
valued.) 

With the derivation of the open-closed string Virasoro constraints completed, 
attention may now be turned to the study of some of the physics which may be 
derived from them, in the spirit of ref.[9]. The recursion relations for the pointlike 
operators in the theory together with the loop equations will be derived next. 



t Recall that p is related to the boundary length cosmological constant. 
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2.3 Recursion relations 



The operators in the theory are the O k , which couple to the tk'- 



O k „ >=v< 



d n log Z 



dt kl ■ ■ ■ dt kr 



(2.29) 



tk—tk 



where Z = r^ pen . Here t k denotes some fixed couplings to which the t k are set in the 
theory. Recall from section 2 that the mth model in the (2m — 1,2) series is obtained 
by setting all of the t k s to zero except t m = l/(a m (m + |)) and t = —Ax, where the 
Gel'fand-Dikii polynomials start as lZ[u] m = a m u m + ■ ■ ■ To derive the recursion 
relations for some set of operators in the mth theory, the Virasoro constraints (2.10) 
must be expanded in the couplings around these values. Furthermore, to obtain the 
recursion relations on worldsheets of specific topology, the expansion 



< o kl ■ ■ ■ o kn >= J2 <o kl ---o kn > g , h ^ +h r h 

g,h=0 

must also be made. The derivation proceeds as follows. Set 

3mk 



(2.30) 



tk 



it + € p S pk - AxSko, m,p^0, pG5, 



(2.31) 



where S represents some set of distinct operators and the e p 's are infinitesimal. 
Rearrange the constraints to act non-linearly on logT ope n and Taylor expand up 
to terms linear in the e p 's. Then all the terms of order lower than Y\ p e p will be 
proportional to the Virasoro constraints and may be set to zero leaving (after the 
world-sheet expansion) : 

— < o m+n n o p > g , h o p+n n o r >g, h 

am P es P es r-es 



-Ax <O n \{Op > g , h +4 

P es k=i 



1 



< O k -lO n - k Y[ O p >g-l,h 

pes 



+ o e < n o P > 91 , h < o n . k n Op > 92 , h 



S = QUK 
91+92=9 



pea 



pen 



(2.32) 



-p n+1 <O p I] O p > g , h =0, n>-l, 
pes 
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with the exceptions on the sphere, torus and cylinder, respectively: 




< O m >i, = — — , and 

< O m+n > ,i= J(l + n)a m p n . 



(2.33) 



(Note that 0-\ = in the above.) The operator O p is defined to be that which 
couples to p in the following sense: < O p >= v 2 d p log Z. Equation (2.32) is the set 
of open-closed string recursion relations for the correlation functions of operators 
in the theory. Together with (2.33), they are the generalisation of the closed string 
relations derived in ref.[9] and have the same interpretation in terms of purely 
'contact' interactions. These interactions take place when the CVs coincide with 
each other, or in the 'factorization' situation, when the Ok coincide with a node on 
the surface. A node on the surface either pinches one of the handles, reducing g by 
one, or divides the surface into two surfaces of total genus g. Notice that there are no 
corresponding contact processes on the boundary, and so the number of boundaries 
on the surfaces are preserved. This is probably because the (2m — 1,2) models 
have only one distinct boundary boundary operator. This simplicity is expected to 
disappear for more complicated theories. Also as before [9], the recursion relations 
may be used to determine the correlation functions of the Ok with k > m — 1 in 
terms of the correlators of the Ok with k < m — 2. This latter set of operators may 
be identified with the (gravitationally dressesd) primary fields of the (2m — 1,2) 
conformal field theory. 

2.4 A topological open-closed string and the boundary operator 

Setting m = 1 in the closed string theory yields topological gravity where the 
surfaces in the underlying matrix model are not critical and are thus of zero area 
in the continuum limit. The partition function of the theory is trivial as can be 
seen by using the simple (exact) solution to the closed string equation, u = x, to 
calculate the free energy via equation (2.9). After discarding analytic terms in x 
the result is F = 0. The physical content of this topological theory is studied at the 
level of correlation function recursion relations. 
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The open-closed string generalisation of this theory is the m = 1 model of the 
present framework. The effect of adding surfaces with boundaries to the theory is 
seen directly upon studying the string equation u = x + 2IVR, together with the 
resolvent equation (1.7), which yields an expansion for the free energy in which only 
surfaces with boundaries contribute: 

/ 3/2\ 2 - 2 9- h 

F = E M^H r "- ( 2 - 34 ) 

h>0,g>0 \ V ) 

Here p = x + p is identified with the boundary cosmo logical constant (see below) 
and the topological expansion is in a dimensionless combination of the couplings in 
the theory t. 

The relation derived from (2.32) for n = — 1 is called the 'puncture equation' and 
is: 

< O b I] O p > 9 , h = E(P+ I) < <Vi II ^ > 9 ,h ■ (2.35) 
pes pes res 

Here the identifications Ob = ^0$ + O p and p = x + p of the boundary operator 
and cosmological constant respectively, have been made. In this open string theory 
therefore, the usual puncture equation is modified by the additive redefinition of 
the puncture/boundary-length operator. 

In the mth model a similar equation to (2.35) may be derived from the n = — 1 
part of the recursion relation. From this it may be simply derived that the closed 
string boundary operator [8] O m _i is modified to give the following expression for 
the boundary operator: 

B = O p -—O m - 1 . (2.36) 

Using the puncture equation, the Ward identity of the boundary operator may be 
easily verified be using the following expansion[12] of the macroscopic loop: 



t The relative scaling dimensions of all the couplings may be easiy determined from 
the matrix model or from the string equation and flow equations. 
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yielding 



< Q B w{h) ■ ■ ■ w(£ n ) >= \J2 Zi) < w ( £ i) ■ ■ ■ > • (2-38) 



2.5 Loop equations 

Following ref. [9] it is convenient to introduce a source for the loops which shall be 
denoted J(£): 

Here the expression for the correlator is interpreted as calculated in the presence of 
J(£), and setting J{£) = returns one to the mth model. The Laplace transforms 
of these objects are: 

w (z) = j°° d£e- £z w(£) = £ z~ k ~^O k 

1 fc= ° ( 2 - 4 °) 

J(z) = £ 

fc=0 

In ref. [9] the Virasoro constraints of the closed string theory arose as the coefficients 
of the Laurent expansion of the Laplace transformed loop equation C c \ ose< \{z) = 
0. Here, starting with the Virasoro constraints for the open-closed string theory 
and interpreting them as the Laurent coefficients of the open-closed string loop 
equations, 

C open (z) = 2^ £ ( Ln ' T ^ ) z — 2 = 0, (2.41) 



n=-l \ T open 



(2.42) 



the following loop equation is derived: 

j™d£'£J{£) <w{£ + £)> + l -vH + - A x 2 - eP £ {^ 2 r 2 + < O p >} 

+ / d£ U < w(£)w(£ -£)>+2< w(£) >< w(£ - £) >] = 0. 
Jo 1 J 

Here the modifications to the usual form of the closed string loop equation are 

embodied in an additional term arising from the cylinder' together with an insertion 

of the operator O p . Both terms have an explicit exponential dependence on the loop 

length. 

t This new cylinder term joins the sphere and torus terms as the non-universal terms arising from 
surfaces which admit global conformal transformations [9]. 
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3. The open— closed string and (p, q) minimal matter 

The discussion now turns to open-closed strings in the (p, q) conformal minimal 
model backgrounds. The aim of this section will be to use the insight gained in 
section 2 about the organisation of the (2m — 1,2) open-closed string to derive 
the results here. This will have the effect of bypassing the matrix model route 
altogether, remaining firmly within the integrable hierarchy framework. It is not 
entirely clear whether all of the physics of the related (p, q) conformal minimal model 
backgrounds will be captured in this way; It has been demonstrated previously [8] 
that the identification of the full spectrum of boundary operators which is present 
in the matrix model and in the Liouville approach for the gravitating (p, q) 
minimal model is problematic for the sl(q, C) KdV approach. These difficulties 
were also encountered in ref.[13] where a stable non-perturbative definition of 
the closed string in (p, q) backgrounds was proposed, using the sl(q, C) KdV as 
the underlying principle. There for example, as in ref.[8], only the boundary 
magnetisation operator of the closed string in the Ising model background could 
be identified. There appeared to be no structures left in the si (3, C) flows (and 
the associated constraints) within which to incorporate the boundary length 

operator. This operator may be explicitly constructed in the matrix model and 
Liouville approaches. This leads to the expectation that the present formulation 
of the closed string in the (p, q) conformal minimal model backgrounds based on 
the integrable structure of the sl(q, C) KdV heirarchy captures only a subset of 
the boundary operators. Whether the missing operators may be incorporated into 
a larger and/or complementary integrable structure is unclear. The open-closed 
string generalisation of the closed string just discussed which will be presented here 
will suffer from the same shortcomings (with respect to boundary operators of the 
associated minimal model) and will likely be a small subset of the family of open- 
closed strings which might be constructed with these backgrounds. 

3.1 Review 

The sl(q, C) KdV hierarchies arise as the Hamiltonian flows of the qth order 
differential operator Q = d q + J2i=2 a i{ u ii d q ~ 1 }. The symbol "eT denotes d x and 
the Ui are functions of x. The aij are constants. The study of the integrable 
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deformations of Q is most easily formulated in terms of the "Lax pair" where the 
Hamiltonian flows flows are written in terms of fractional powers [14] of Q 

W r =[Q + q ' Q] - (3 ' 1} 

The non-trivial flows occur when r ^0 mod q, i.e. when r = qk + 1, k = 0, 1, . . . , oo 
and I = 1, 2, . . . , q — 1. The t r will be labelled t^k to reflect this. The form of the 
flows analogous to (1.2) is (no sum on i): 

V Mk+i = ^Mk i,j = 2,3,...,q. (3.2) 

The objects T> 1 ^ and T>2 are a set of differential operators reflecting the bi- 
Hamiltonian structure which is expressed via the Poisson brackets: 

{ui(x), Uj(y)}i, 2 = V\ 3 2 (x)S(x - y). (3.3) 

It is well known (see, for example [15]) that T> 1 2 3 has the structure of the classical 
W-algebra based on sl(q,C). This is the Hamiltonian system where the infinite 
set of Hamiltonians is constructed out of traces of fractional powers of Q. The 
TZ\ k are differential polynomials in the Ui and their derivatives. They are the 
generalisation of the Gel'fand-Dikii differential polynomials encountered in the q = 2 
case in section 2. They are related to the "jet-coefficients" of the resolvent of Q in 
the following way: The objects defined by the expansion 

q— 1 oo 

& = E E n k p- {kH) (3-4) 

1=1 k=l 

are (a linear combination of) the u (q — z)-jets" of the resolvent R(x, p) which is 
defined by the relation 

R(x,p)-(Q + p) = l. (3.5) 

For more details of this the reader should refer to the work of Gel'fand and Dikii[14] . 
The R l are shown there to satisfy an equation which generalises equation (1.7). It 
is easy to show that for the linear combination of the "jets" of R(x, p) which is used 
heret, this equation may be shown to be: 

(V% + P V\ j )Ri = 0. (3.6) 



t This linear combination is essentially denned by the parametrisation used for Q in terms of the Ui , 
together with equation (3.2). 
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(Here an overall normalisation for the V l 2 J will be chosen by setting V 1 ^ = Uid + 
\ui-) It is straightforward to demonstrate[13] that by multiplying (3.6) by R 1 the 
result is a total derivative. This is a consequence of the fact that the infinite set 
of Hamiltonians of the system are in involution. Integrating this equation once 
with respect to x yields a single differential equation for the R*'s which generalises 
equation (1.7), and deserves to be called the 'generalised Gel'fand-Dikii eqnation'. 
The constant of integration is fixed by a normalisation of the R*'s. 

Using the expansion (3.4) in this equation yields a recursion relation for the TV[ k 
which is: 

vi j ni k+1 = viin{ k . (3.7) 

Requiring them to vanish at Ui = fixes them uniquely, up to the choice of 
normalisations 1Z\ oc q8\~ . This normalisation fixes the constant of integration in 
the generalised Gel'fand-Dikii equation to be q 2 , as can be seen by substituting the 
asymptotic expansion (3.4) and taking the leading term in the p — > oo and z — > oo 
limits. (This term always arises from the term (u q + p)R 2 K q in the equation.) 

Turning to the string equations for the closed string theory, the following structures 
arise. The string equations arise from the differential operator realisation of the 
canonical commutation relations [2] [P,Q] = 1. Q is as stated above and the most 
general form for P is constructed out of a linear combination of the differential 
operator parts of fractional powers of Q. A little study [13] shows that the (once 
^-differentiated) string equations which result from this construction may always 
be written as: 

vi j K j = 0, (3.8) 

where: 

!"1 OO 7 

1=1 k =° q (3.9) 

= E E(*+-)M*U + (*-i)*i-i,o 
i=i k=i " 

In the above the normalisation TZj = qSj -1 has been used. It may also be shown 
that (3.8) is always a total derivative and may be once integrated with respect to x 
to give the string equation. The constants of integration may always be absorbed 
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into the t^o which play special roles: For example the string in the (4, 3) background 
has x oc ti j0 as the cosmological constant and B oc t 2 ,o as the magnetic field. This 
model is closely related to the string in a critical-Ising model background (also 
denoted (4, 3) as it is a conformal minimal model). In fact the string equations for 
it were first derived by considering a matrix model realisation of the gravitating 
Ising model[16]. The string equation for the pth model (denoted (p, q)) is extracted 
from (3.8) by setting 

tl,k = -^4^ + E (3-10) 

where p = qs + r. 

As an example of the above consider the s/(3, C) KdV system, better known as 
the Boussinesq heirarchy. The basic differential operator will be parametrised as 
Q = d 3 + (3/4){u2, d} + us which results in the following flows for ui and u 3 : 

«^ = ^Mk+i = V Mk V 3 = 2, 3. (3.11) 

Here «2 = 3/2, a 3 = 1, and there is no sum on i. Also[13]: 

2 1 / 
Vf = -d 3 + -u 2 +u 2 d 

2 / 

Vf = u 3 d+-u 3 
V 32 = u 3 d+-u 3 

_.Q5 1 ,C 5 o 5 ' o / 1 2 3 . , 1 ' 1 ///. 

£> 2 =-^8 ~12 M2 ~g w 2 rf + (~2 M 2 - g« 2 )^+ {-^u 2 u 2 - —u 2 ) 
and Vf = Vf = 0; Vf = V 32 = d. 
A few of the differential polynomials are[13]: 

^•1,0 = 3; 7^1,0 = o> 

^-2,0 = 0; ^-2,0 = 3; 

K 2 hl =u 3 ; ^1,1 = ^2; 

^i,i = -J( w 2+3«|); 7^,1 = 2u 3 ; 

2 1 "" 3 " 3./, 2 1 s ^2 2, // . 

^•1,2 = -^2 -^ 2 -U 2 --(w 2 ) -2«2+3«3; ^1,2= 3 ("3 +3u 3 U 2 ); 
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The string equations are: 



oo ^ 

n2 = E ( k + o)Kk~ x = Q and 



fc=0 
( = 1,2 



OO 7 
fc=0 



(3.12) 



( = 1,2 



Here x = — £i 5 o and B = — 2t 2 ,o- 

The objects R 2 and R 3 satisfy the following (generalised Gel'fand-Dikii) equation: 



u 2&2 + 2R2R2 - 3^ 2 ^ 2 + W 3R2R3 - Yg (^3Ri 4) _ R 3 R 3 ~ 2^ 3 '' 2 ) 

- A L 2 R 3 R3 - ^ 2 (r;) 2 + ^;r 3 r 3 ) - ^ (3«1 + rj = 9 



(3.13) 



(For convenience of notation the superscripts on the R l 's have been exchanged for 
subscripts.) 

The generalisation of the Virasoro constraints on the (p, q) models is phrased most 
naturally in terms of twisted bosons. These are the -algebra, constraints. The 
underlying structure of the W (^-algebra constraints on the closed string r-function 
^closed is that of the coherent state realisation of these constraints on the Fock space 
of q — 1 free bosons with the Z g -twisted boundary conditions: 

dcf>i{e 27ri z) = e^~ ( f> l {z). (3-14) 
They have the mode expansion 

dU*)= E a k+l z~^ +1 \ (3.15) 

u q 
k= — oo 

where 

d 1 / 

a k+L =v—— and a_ k _ L = -(k + -)\ k . (3.16) 
1 ati : k q v q 

The energy-momentum tensor is 

9-1 1 2 _ 1 00 

T{z) = £ : -d^ q _ r : +|— j = J2 L n z— 2 . (3.17) 

r=l Z Z ^ ( i Z n=-oo 
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The WW operators in the constraints arise as the modes of the higher spin 

fields (r = 3, . . . , q), constructed using for example, current-algebras based on 
sl(q, C). Denoting T(z) as (L n as W^), the closed string constraints are 

Wi r) ■ Tdosed = 0, T = 2, • • • , q, n > 1 - r, (3.18) 

where r c i ose d defines a state > in the coherent state basis via 

Tclosed =< t\Q~ t > . (3.19) 

Here 

| ^ q-l oo I 

< t\ =< 0| exp - E *i,fcafc+i • (3-20) 
[ ^ j=i fc=i 9 J 

Note that the functions itj are related to the r-function as follows (no sum on i): 

d 2 log Tciosec 



2 (? 2 log r c l OS ed ,„ 01 x 

ai«i = 2^ — — j (3-21) 



and the operators in the theory arise as 



2 <9 n log Tdosed 



< 0, 1>fcl • • • O ln , kn >= 2^- ° . (3.22) 

? 1 , fcl ^tt,, 

More details of the constraints may be found in refs.[9][10][17]. 

3.2 From closed to open-closed strings 

The starting point is to generalise the transformation on the t^k analogous to 
equation (2.18). This is simply" 1 " 

^k^kk + j^TjP^ (3-23) 

and consequently 

«i(*i,fc)->«»(*i,fc,r,p). (3.24) 
The string equation under these transformations become 

v[ j [n J (u) + rvrVOr, P )] = o, (3.25) 

t The factor of 2 in the transformation (2.18) is present in order to match the conventions of ref.[6]. 
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which may be integrated once to become the open-closed string generalisation of 
(2.20), and must be supplemented by the generalised Gel'fand-Dikii equation (3.6) 
to get solutions. 

The most straightforward method by which the open-closed string constraints may 
be derived is by returning to the twisted bosons and using the vertex operator 
construction used in section 2. Then it is seen by direct calculation that the 
transformation (3.23) is the beginning of the process by which the combination 
e — ^ ^z=i <Mp) i s inserted into the bra-ket (3.19) to give the open-closed string 
T-function. Explicitly: 

Topen = e~9(hk, P, r ) Tclosed (ti, k -> ti, k + j^j^P^] , (3-26) 

where 



(*+i)' 



p2 p q— 1 oo 



g(p, t t , k , r) = — log p + - £ £ ti,*P q • ( 3 - 27 ) 
z v i=i k=i 



Consequently 



r op en =< t\ exp I — — log p I x 



5-1 oo a_ k _i , ,\ I i- 1 00 a k . 



=<t\v r (p)\n~ t >, 

where 



(3.28) 



q-l 

V T (p)=:exp{-rJ2Mp)\-- (3-29) 



i=i 



To work out the constraints on T op en is simply a matter of calculating the operator 
product expansion 

W {r \z)V T (w) = N(r)—^-—V r (w) H r = 2, • • • , q (3.30) 

where N(r) is a numerical constant. The other terms will in general be a 
combination of Vr(w), the <f>i(w) and their w-derivatives. Performing the mode 
decomposition 

Wi r) = j>dz z^^W^iz) (3.31) 
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yields the form 



[W^ , V r (w)] ~ T r [(n + 1) (n + 2) • • • (n + r - l)]«; n V r M + • • • (3.32) 
The constraints for the open-closed string theory are then 

^ r) -T op e„ = r = 2,3,---,g; n > 1 - r, (3.33) 

where 

^ r) = W-W-[W-W,Vr(p)]. (3.34) 

These equations are the direct extension of equations (2.10) and (2.11). To study the 
loop equations of the theory, the constraints (3.33) are used as Laurent coefficients 
in the expansion of the Laplace transform of q — 1 loop equations: 

= 2* 1 E f ^ r) ' T ° Pen V n - r = (3-35) 

n=l-r \ r open / 

and the Laplace transformed loop variables are extracted in analogy with (2.37) as 
follows [9] [17]: 

oo 

W r (z) = J2z~ k ~«~ 1 Or,k 

,V ~" (3.36) 



oo 



J r(z) = f r,kZ +q - 

Inverse Laplace transforming (3.35) yields the final loop equations for the loops 

oo / fc +? 

m ^ = Em^TT)°^ (3.37) 

and their sources J r {tj. 

3.3 Recursion relations— A boundary operator 

The recursion relations for the correlators of the operators in the (p, g)th model 
open-closed string theory may be derived by expanding in the couplings as per- 
formed in section 2. The structure of the constraints is such that there arise q — 1 
sets of recursion relations, the W^ [ ~ 1S > sector of the constraints (see equation (3.33)) 
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resulting in the recursion relations between correlators of the operators O^k- See 
ref[17] for an explicit example of this structure in the case of the (1,3) closed string 
model. The form of these constraints is in general highly complicated, although 
they readily allow the dressed primary fields of the underlying conformal minimal 
model to be identified as the relevant operators in the bulk [9] [17]. Here the general 
relations will not be analysed any further and attention will be turned instead to 
the recursion relation arising from the L_i constraints. In particular, the unitary 
(q + 1, q) models will be studied. The unitary model of the series is obtained by 
setting 

tl,k = ~ (2q + 1) + ^ ^J,r<*fc,0*r,0- ( 3 - 38 ) 
Now the L_i constraint for the gth model is of the form 

E f> + b^W^ + »- 2 f(hk) = 0, (3.39) 

1=1 fc=l 9 

where /(£/,&) is constructed out of products of the t^fc's only. It will eventually 
become the spherical contribution to the non-universal parts of the correlation 
functions. Such terms will not be of concern in what follows. Expanding in the 
couplings about (3.38) yields: 

<O b \{ O r , s >= £>+-)< O r , s -i n °a,b >, (3.40) 

r,sES r,sES % <>,bes 

where 

O b = M - O p (3.41) 

is defined in analogy with (2.36). 

In ref.[8] the operator 0\^\ was identified with a boundary operator in the closed 
string unitary conformal minimal model backgrounds. Equation (3.41) gives the 
modification in the open-closed string theories here. Notice that using the expansion 
(3.36) a Ward identity identical in structure to (2.38) may be derived for Ob here. 
Taking the Ising model (4, 3) as an example this relation implies that Ob measures 
the total length of the loops in the correlator, regardless of which combination of 
the two loops wi(£) or W2(£) appears. This appears at first to be in contradiction 
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of the identification of 0\^\ as the Z 2 -odd Ising-string boundary magnetisation in 
ref.[8]. This is resolved if it is recalled from there that the loop operators w+{£) 
and W- {£) given by 



are to be considered as the 'correct' loop operators for the Ising-string arising from 
the underlying matrix model. Under the Z 2 operation Q — > —Q, -u 2 — > U2, 113^ — 113 
and w + (£) — > w-(£). Considering a shift in U3 results in identifying Oi : ± as the 
boundary magnetisation[8]: 



The loop operators w\{£) and u>2(£) in this integrable formalism are thus clearly 
not the Ising-string loops above. To derive a relation like (3.43) from the L_i 
constraint (3.39) would require an appropriate expansion of w+(£) — > W-(£) in the 
O^k to replace (3.36). This expansion would have to exhibit the Z2 structure of the 
underlying Ising model. Some of these issues are discussed in ref.[18] where more 
understanding of the change of bases required to relate the Liouville, matrix model 
and integrable hierarchy approaches to various string models is presented. 

— (r) 

It is tempting to speculate about the role of the constraints W_ r+1 . Regarding each 
constraint as the Ward identity of an operator, it would be interesting to understand 

the nature of the operators defined by these constraints. For example in the case 

— (3) 

of q — 3, W_ 2 has precisely the Z 2 -even grading required for the boundary length 
operator in the Ising-string [13]. The Ward identity derived from this constraint does 
not have such a simple structure however. Nevertheless perhaps the understanding 
of how to define the correct Ising loop operators in the (4, 3) model would also 

— (3) 

reveal whether or not W_ 2 defines the boundary length operator. This would go 
some way to understanding just how much of the (p, q) confer mal minimal model 
is contained in this integrable formulation. 

4. The s/(3, C) structure of the (*,3) models 

It is now time to turn to a specific example of the constructions just described and 
study the structure of the constraints and loop equations of the (*, 3) backgrounds. 




(3.42) 



< O hl w±(£) >= ±£ < w±{£) > . 



(3.43) 
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In the spirit of refs.[9] and [17] the subtle matter of identifying the correct frame in 
which to discuss the loop variables in the underlying minimal model is sidestepped in 
favour of continuing to study the integrable structure. Therefore the loop equations 
derived will be in terms of the objects w\ (£) and w 2 (£) ■ 



4.1 constraints 

The form of the spin 2 and spin 3 fields W^ 2 \z), (T(z)), and W^\z) for the two 
Z% twisted bosons <f>i(z) and 02 (z) are: 

1 

9^2 (4.1) 



T(z)=:dM*)d<h(*)-- + 



W^(z)=: (dMz)f + (dMz)) 3 ■■ 

and calculation of the operator products and mode decompositions using the ideas 
and formulae in section 3 yields: 



L n ' Topen — n > —1; 

W m ■ Topen = 777, > -2, 



(4.2) 



where 



L n = L n -L( n+ l) p n_ p n+l^ ; 

W m = W m - ^ (n + l)(n + 2)p n + ^(n + 2)p n+1 -^ + 



,n+2 



(4.3) 



The decomposition of the L n and W m into the modes of the bosons yields 



/ 



l_ 1= y: (k+-)u, 



d 



k=l 
( = 1,2 



3'""* dt^k-t ' 3z/ 2 



+ ^2*1.0*2,0 



1 = 1,2 

00 Z 9 1 n d 2 

Ln = £(fc+~)*Z,fc~7 +r Z/2 E 

fc =o 3 Ot^k+n fc=1 atl^k-lOts-^n-k 

1 = 1,2 1 = 1,2 



(4.4) 
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and [17] 



W<3) =I/ "3 V P« r -ttt T ^-t t — 

p+ 9 +r=-3m p+g-r=-3m 00 OT r 

1 _ p C> 2 1 3 ^ 

q ^ 1 p fit fit 17 ^ fit fit fit 

-p+q+r=3m° ui q ui r p+q+r=3m Ul p Ul q Ul r 



In the last formula, the sums must be taken over p, q, r ^ mod 3. The constraints 
(4.2) for the open-closed string theory still satisfy the familiar commutation 
relations of the algebra and are thus a consistent set of constraints. 



4.2 Loop equations 



The set of constraints (4.2) will yield a pair of basic loop equations for the (*, 3) 
open-closed string theory which will be the closed string loop equations [17] [9] with 
additional terms, as encountered in section 2. From the Virasoro sector the following 
equation is obtained (sum over r): 



/■oo , , / 2 4 o ( 1 

J d£ £ J r (£)<w r (£ + £)> +-v 2 £ + -ti,o* 2l o - | -u 2 T 2 + <O p > 

4 < w r (£)w 3 - r (£ -£')>+2< w r {£) >< w 3 _ r (£ - £) >] = 0. 
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(4.6) 



+ d£ 



and from the sector (sum over r): 



Jo JO 



didi (£J r (£))(£ J r (£ ))<w 3 - r (£ + £ +£ )> 

T 2 



+ ^*2,o + ^1,0*1,1 + ^*i,o^ + e / 



;y 2 r 3 N 



+ 



I rOO r£+e 



2t2 



u 2 r 



-d 2 <Pr( P ) 



U 2 Y 



Jo Jo 



di d£ {£ J 3 - r (£ ))x 



u 2 <w r (£ )w r (£ + £ -£ )>+-<w r (£ )><w r (£ + £ -£)> 



+ 



27 Jo 



t-t 



d£ d£ 



u 4 <w r (£)w r (£ )w r {£-£ -£)> 



+ -z/ 2 < w r {£) >< w r (£")w r (£ - £ - £") > 
+ \ < w r {£) >< w r {£") >< w r (£ - £ - £) > 



0. 



(4.7) 

Equation (4.6) which arises from the Virasoro sector of the constraints has the 
same interpretation as in the previous, (2m — 1,2) case. It describes how the loops 
interact by splitting and joining[9] [19]. These processes are taking place on surfaces 
of arbitrary Euler number. There is an additional non-universal term arising from 
the cylinder, which together with the sphere and the torus, admits global conformal 
transformations. There is also an insertion of the operator O p , as before. The 
closed string part of (4.7) which arises from the W-sector of the constraints were 
first presented in ref.[17]. Equation (4.7) describes the three-way splitting and 
joining of loops on the world sheets, and is supplemented by a number of terms, 
including an insertion of O p and additional contributions from the sphere, torus 
and cylinder. The precise interpretation of the terms involving d(f> r (p) is not clear 
although recalling the relation between d(f) r (p) and the loop variables: 



h>d4> r (p) =< W r (z) > +dJ 3 - r (z) 



(4.8) 



allows the loop equation to be rewritten in terms of loop variables only. The presence 
of the d(f) r (p) terms may suggest some non-trivial interactions at the boundaries of 
the surfaces. 
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5. Conclusions 



The integrable structure of the c < 1 open-closed string theories described in 
this paper is the most straightforward generalisation of the structure of their more 
familiar c < 1 closed string cousins. They trivially reduce to the closed string in the 
r — > limit where V is the open string coupling measured in units of the closed string 
coupling v. They inherit many of the properties of the closed string. Chief of these 
is the relation to a string in the (p, q) conformal minimal model backgrounds. This 
relation is incomplete because the task of identifying the boundary operators (for 
q > 2) is incomplete, even for the closed string theories. For the unitary models, the 
boundary operator which may always be identified in the closed string theory, 01,1, 
is modified in the open-closed string theory, as expected. It is modified by adding 
the operator which couples to p in the open-closed string theory, p is the spectral 
parameter of the sl(q, C) KdV hierarchy. The open-closed string also inherits the 
embedding dimension of the closed string because of the simple relationship between 
the two theories. The loops of the closed string come in q — 1 distinct 'colours'. This 
degreee of freedom may be naively interpreted as a discrete embedding dimension 
consisting of q — 1 points. The boundary conditions on the open-closed string are 
simply the trivial punctual (Dirichlet) ones, where each boundary on a world sheet 
is entirely of one of the q — 1 colours. 

The organisational framework for both the open-closed and closed strings is the 
twisted boson language. The open-closed string partition function is obtained from 
the closed string one by inserting a vertex function constructed out of the twisted 
bosons into the Fock-space realisation of the r-function. As this procedure is 
'orthogonal' to the flows of the underlying integrable structure, the resulting object 
is still a r-function. It is using this language that enables the constraints on the 
partition function to be easily deduced. 

Turning to the recursion relations for correlators, some related work on the 
(2m — 1, 2) open-closed string theory was presented in ref.[20]. There, the Dyson- 
Schwinger equations of the theory were derived by working directly with the matrix 
model of Kostov described earlier. Recursion relations were derived there for 
pointlike operators related to the Ok discussed in section 2. By defining a generating 
function r for the insertion of the operators, the recursion relations were able to 
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be written as constraints on r. It was also noted there that a shift of the sources 
of the operators, identical to (2.18), could be made which removed the open string 
variables. A further change of variables enabled the constraints to be written as 
the familiar (closed string) Virasoro constraints. This series of re-identifications of 
the sources is precisely the reverse of the process carried out in section 2.2 to relate 
the closed and open-closed string r-functions. However the generating function r 
identified in ref.[20] is r ope n in equation (2.28) with the exponential factor missing. 
Taking this into account their original constraints may be rewritten in terms of 
Topem and this yields the open-closed string Virasoro constraints (2.10), which were 
first derived in ref. [6] . Once the constraints are written in that form, the underlying 
vertex operator structure is more evident, as revealed in this paper. 

It is a straightforward matter to construct such simple open-closed string general- 
isations of closed strings based on integrable hierarchies other than sl(q, C) using 
the same techniques, although the continuum string theory interpretation of such 
possible models is not at present known. The essential relation between the open- 
closed and closed string theory here is the transformation on the background fields 
of the closed string theory to obtain those of the open-closed string theory. This 
is given by equations (2.18) and (3.23). In the integrable hierarchy, this is simply 
a transformation on the generalised times of the evolution equations. Of particular 
interest and value would be the application of the techniques and understanding 
developed in this paper to the problem of understanding the nature of the c = 1 
open-closed string. For c = 1, some of the integrable structure has been understood 
(see for example ref. [21].). Notably though, the c = 1 open-closed string theory is 
not developed to the same level as the closed string theory'. These issues are the 
subject of current research. 
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t See for example, refs.[22] to [26]. 
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Note Added. After this work was submitted for publication, L.Houart[27] studied 
a two-hermitian matrix model realisation of an open-closed string in the Ising model 
background, with Dirichlet boundary conditions on the ends of the open strings. 
The double scaling limit of this matrix model was shown to yield the string equations 
derived in section three of this paper for the (4, 3) open-closed string model. This 
supports the expectation mentioned earlier that the boundary conditions on these 
open-closed strings are Dirichlet. 
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